On the two-dimensional Saigo-Maeda fractional calculus asociated with two-dimensional Aleph TRANSFORM by Kumar, Dinesh et al.
LE MATEMATICHE
Vol. LXVIII (2013) – Fasc. II, pp. 267–281
doi: 10.4418/2013.68.2.19
ON THE TWO-DIMENSIONAL SAIGO-MAEDA
FRACTIONAL CALCULUS ASSOCIATED
WITH TWO-DIMENSIONAL ALEPH TRANSFORM
RAM K. SAXENA - JETA RAM - DINESH KUMAR
This paper deals with the study of two-dimensional Saigo-Maeda op-
erators of Weyl type associated with Aleph function defined in this paper.
Two theorems on these defined operators are established. Some interest-
ing results associated with the H-functions and generalized Mittag-Leffler
functions are deduced from the derived results. One dimensional analog
of the derived results is also obtained.
1. Introduction and Preliminaries
The Aleph-function is defined in terms of the Mellin-Barnes type integral in the
following manner [16, 17]:
ℵ[z] =ℵm,npi,qi,τi,r
[
z
∣∣∣(a j,A j)1,n,...,[τ j(a j,A j)]n+1,pi(b j,B j)1,m,...,[τ j(b j,B j)]m+1,qi] := 12pii
∫
L
Ωm,npi,qi,τi;r(s)z
−s ds, (1)
where z 6= 0, i =√−1 and
Ωm,npi,qi,τi;r(s) =
{∏mj=1Γ(b j +B js)}{∏nj=1Γ(1−a j−A js)}
∑ri=1 τi{∏qij=m+1Γ(1−b ji−B jis)}{∏pij=n+1Γ(a ji+A jis)}
. (2)
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An account of the convergence conditions for the defining integral can be found
in the paper by Saxena and Poga´ny [16] (also see [19]).
The object of this paper is to derive certain properties of two-dimensional Saigo-
Maeda operators of Weyl type. The results obtained are of general nature and
includes as special cases, the results given earlier by Arora et al. [1], Saxena et
al. [18, 21], Nishimoto and Saxena [6], Raina and Kiryakova [9] and Saigo et
al. [12].
Remark 1.1. The fractional integration of the Aleph function is obtained by
Saxena and Poga´ny [17], Ram and Kumar [8].
2. Generalized Fractional Integrals
We present below the definitions of the following generalized fractional in-
tegration operators of arbitrary order involving Appell function F3 as a ker-
nel,introduced by Saigo and Maeda [[11], p. 393, Eqn. (4.12)].
Let γ > 0 and α,α ′ ,β ,β ′ ,γ ∈ C, then following Saigo and Maeda [11], we
define the Saigo-Maeda operators Iα,α
′
,β ,β ′ ,γ
0,x and I
α,α ′ ,β ,β ′ ,γ
x,∞ in the following
manner:(
Iα,α
′
,β ,β ′ ,γ
0,x f
)
(x)
=
x−α
Γ(γ)
∫ x
0
(x− t)γ−1t−α
′
F3
(
α,α
′
,β ,β
′
;γ;1− t
x
,1− x
t
)
f (t)dt, (3)
where ℜ(γ)> 0 and(
Iα,α
′
,β ,β ′ ,γ
x,∞ f
)
(x)
=
x−α
′
Γ(γ)
∫ ∞
x
(t− x)γ−1t−αF3
(
α,α
′
,β ,β
′
;γ;1− x
t
,1− t
x
)
f (t)dt, (4)
where ℜ(γ)> 0.
Here the function F3(α,α
′
,β ,β ′ ;γ;z;ξ ) is the familiar Appell hypergeometric
function of two variables defined by
F3
(
α,α
′
,β ,β
′
;γ;z,ξ
)
=
∞
∑
m=0
∞
∑
n=0
(α)m(α
′
)n(β )m(β
′
)n
(γ)m+n
zm
m!
ξ n
n!
(|z|< 1, |ξ |< 1). (5)
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These operators reduce to the Saigo fractional integral operators [10] due to the
following relations:
Iα,0,β ,β
′
,γ
0,x f (x) = I
γ,α−γ,−β
0,x f (x) (γ ∈C), (6)
and
Iα,0,β ,β
′
,γ
x,∞ f (x) = I
γ,α−γ,−β
x,∞ f (x) (γ ∈C). (7)
Lemma 2.1 ([11] p. 394, eqns. (4.18) and (4.19)). Let α,α ′ ,β ,β ′ ,γ ∈C, then
there holds the following power function formulae:
1. If ℜ(γ)> 0, ℜ(ρ)> max
[
0,ℜ(α+α ′+β − γ),ℜ(α ′−β ′)
]
, then
Iα,α
′
,β ,β ′ ,γ
0+ x
ρ−1 = xρ−α−α
′
+γ−1
× Γ(ρ) Γ(ρ+ γ−α−α
′−β ) Γ(ρ+β ′−α ′)
Γ(ρ+ γ−α−α ′) Γ(ρ+ γ−α ′−β ) Γ(ρ+β ′) , (8)
2. If ℜ(γ) > 0, ℜ(ρ) < 1+min
[
ℜ(−β ),ℜ(α+α ′− γ),ℜ(α+β ′− γ)
]
,
then
Iα,α
′
,β ,β ′ ,γ
− x
ρ−1 = xρ−α−α
′
+γ−1
× Γ(1−β −ρ) Γ(1+α+α
′− γ−ρ) Γ(1+α+β ′− γ−ρ)
Γ(1+α+α ′+β ′− γ−ρ) Γ(1+α−β −ρ) Γ(1−ρ) . (9)
Remark 2.2. A detailed account of fractional claculus operators can be found
in the monograph by Samko et al. [13] and in a survey paper by Srivastava and
Saxena [23] and Haubold-Mathai-Saxena [2].
3. The two-Dimensional Saigo-Maeda Operator of Weyl Type
Following Miller [[5],p. 82], we denote by u1 the class of function f (x) on R+
which are infinitely differentiable with partial derivatives of any order behaving
as O
(
|x|−ξ
)
when x tends to ∞ for all ξ . Similarly by u2, we denote the class
of functions f (x,y) on R+×R+ which are infinitely differentiable with partial
derivatives of any order behaving as O
(
|x|−ξ1 |y|−ξ2
)
when x and y both tends
to ∞ for all ξi(i = 1,2).
The two-dimensional Saigo-Maeda operator of Weyl type of orders ℜ(γ) >
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0, ℜ(ζ )> 0 is defined in the class u2 of functions f (x,y) by
[[21], p.815, Eqn.(2.19)]
Iα,α
′
,β ,β ′ ,γ
x,∞ I
η ,η ′ ,δ ,δ ′ ,ζ
y,∞ [ f (x,y)] = x
α+α ′−γyη+η
′−ζ x−α
′
y−η
′
Γ(γ)Γ(ζ )
×
∫ ∞
x
∫ ∞
y
(u− x)γ−1(v− y)ζ−1u−αv−η F3
(
α,α
′
,β ,β
′
;γ;1− x
u
,1− u
x
)
×F3
(
η ,η
′
,δ ,δ
′
;ζ ;1− y
v
,1− v
y
)
f (u,v)dudv. (10)
In view of the relations (6) and (7), the above equation reduces to the two-
dimensional Saigo operator of Weyl type studied by Saigo et al. [[12], p.64,
Eqn. (2.11)].
4. Two-Dimensional Laplace and Aleph Transforms
The Laplace transform [1] h¯(p,q) of a function f (x,y) ∈ u2 is defined as
h¯(p,q) = L[ f (x,y); p,q] =
∫ ∞
0
∫ ∞
0
e−px−qy f (x,y)dxdy, (ℜ(p)> 0, ℜ(q)> 0).
(11)
Analogously, the Laplace transform of f [a
√
x2−b2 ∗H(x−b),c
√
y2−d2 ∗H(y−
d)] is defined by the Laplace transform of F(x,y), as
F(x,y) = f
[
a
√
x2−b2 ∗H(x−b),c
√
y2−d2 ∗H(y−d)
]
, x > b > 0; y > d > 0,
(12)
where
∗
H(.) denotes Heaviside’s unit step function.
Definition 4.1. By two-dimensional Aleph function transform h¯(p,q) of a func-
tion F(x,y), we mean the following repeated integral involving two different
Aleph functions.
h¯(p,q) =ℵM1,N1;M2,N2
Pi,Qi,τi;P
′
i ,Q
′
i ,τ
′
i ;r
[F(x,y);ρ,σ ; p,q]
=
∫ ∞
b
∫ ∞
d
(px)ρ−1(qy)σ−1ℵM1,N1Pi,Qi,τi;r
[
(px)u
∣∣∣∣(a j,A j)1,N1 ,··· ,[τ j(a j,A j)]N1+1,Pi
(b j,B j)1,M1 ,··· ,[τ j(b j,B j)]M1+1,Qi
]
×ℵM2,N2
Pi
′
,Qi
′
,τi
′ ;r
(qy)v∣∣∣∣(c j,C j)1,N2 ,··· ,[τ j
′
(c j,C j)]N2+1,Pi
′
(d j,D j)1,M2 ,··· ,[τ j
′
(d j,D j)]M2+1,Qi
′
F(x,y)dx dy. (13)
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Here, we assume that b > 0, d > 0, u > 0, v > 0; h¯(p,q) exists and belongs to
u2. Further let
|arg(pu)|< pi
2
φi, |arg(qv)|< pi2ψi,(φi ≥ 0, ψ ≥ 0, i = 1,r); (14)
where
φi =
N1
∑
j=1
A j +
M1
∑
j=1
B j− τi
(
Pi
∑
j=N1+1
A ji+
Qi
∑
j=M1+1
B ji
)
, (15)
ψi =
N2
∑
j=1
C j +
M2
∑
j=1
D j− τi ′
 Pi ′∑
j=N2+1
C ji+
Qi
′
∑
j=M2+1
D ji
 (16)
and
ℜ(ξi)+1 < 0,ℜ(ζi)+1 < 0 (i = 1,r), (17)
with
ξi =
M1
∑
j=1
b j−
N1
∑
j=1
a j + τi
(
Qi
∑
j=M1+1
b ji−
Pi
∑
j=N1+1
a ji
)
+
1
2
(Pi−Qi), (18)
ζi =
M2
∑
j=1
d j−
N2
∑
j=1
c j + τi
′
 Qi ′∑
j=M2+1
d ji−
Pi
′
∑
j=N2+1
c ji
+ 1
2
(Pi
′−Qi ′). (19)
Due to the generality of the ℵ-function, the integral transform (13) provides a
generalization of a number of integral transforms such as, the two-dimensional
Laplace transform, Stieltjes transform, Hankel transform, Whittaker transform,
H-transform and I-transform etc.
5. Relationship Between Two-Dimensional Aleph Function Transforms in
Terms of Two-Dimensional Saigo-Maeda Operator of Weyl Type
For proving the main results, we define the two-dimensional Aleph function
transform h¯(p,q) of F(x,y) as
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h¯(p,q) =ℵM1+3,N1;M2+3,N2
Pi+3,Qi+3,τi;P
′
i +3,Q
′
i+3,τ
′
i ;r
[F(x,y);ρ,σ ; p,q]
=
∫ ∞
b
∫ ∞
d
(px)ρ−1(qy)σ−1ℵM1+3,N1Pi+3,Qi+3,τi;r
×
(px)u∣∣∣∣(a j,A j)1,N1 ,(1−ρ,u),(1+α−β−ρ,u),(1+α+α
′
+β ′−γ−ρ,u),··· ,[τ j(a j,A j)]N1+1,Pi
(1−ρ−β ,u),(1+α+β ′−γ−ρ,u),(1+α+α ′−γ−ρ,u),(b j,B j)1,M1 ,··· ,[τ j(b j,B j)]M1+1,Qi

×ℵM2+3,N2
Pi
′
+3,Qi
′
+3,τi
′ ;r
×
(qy)v∣∣∣∣(c j,C j)1,N2 ,(1−σ ,v),(1+η−δ−σ ,v),(1+η+η
′
+δ ′−ζ−σ ,v),··· ,[τ j ′ (c j,C j)]M2+1,Qi ′
(1−σ−δ ,v),(1+η+δ ′−ζ−σ ,v),(1+η+η ′−ζ−σ ,v)(d j,D j)1,M2 ,··· ,[τ j
′
(d j,D j)]M2+1,Qi
′

×F(x,y)dx dy, (20)
where it is assumed that h¯1(p,q) exists and belongs to u2; u> 0, v> 0 and other
conditions on the parameters in which additional parameters α,α ′ ,β ,β ′ ,γ,η ,
η ′ ,δ ,δ ′ ,ζ included correspond to those in (10).
Theorem 5.1. Let h¯(p,q) is given by (13), then for ℜ(γ) > 0, ℜ(ζ ) > 0, b >
0, d > 0, k1 > 0, k2 > 0, there holds the formula
Iα,α
′
,β ,β ′ ,γ
p,∞ I
η ,η ′ ,δ ,δ ′ ,ζ
q,∞ [h¯(p,q)] = h¯1(p,q), (21)
provided that h¯1(p,q) exists and belongs to u2.
Proof. Let ℜ(γ) > 0, ℜ(ζ ) > 0, then by virtue of the results (10) and (13), it
follows that
Iα,α
′
,β ,β ′ ,γ
p,∞ I
η ,η ′ ,δ ,δ ′ ,ζ
q,∞ [h¯(p,q)] =
pα−γqη−ζ
Γ(γ)Γ(ζ )
∫ ∞
p
∫ ∞
q
(u− p)γ−1(v−q)ζ−1u−αv−η
× F3
(
α,α ′ ,β ,β ′ ;γ;1− pu ,1− up
)
F3
(
η ,η ′ ,δ ,δ ′ ;ζ ;1− qv ,1− vq
)
h¯(u,v)du dv
=
pα−γqη−ζ
Γ(γ)Γ(ζ )
∫ ∞
p
∫ ∞
q
(u− p)γ−1 (v−q)ζ−1 u−αv−η
×F3
(
α,α
′
,β ,β
′
;γ;1− p
u
,1− u
p
)
F3
(
η ,η
′
,δ ,δ
′
;ζ ;1− q
v
,1− v
q
)
×
{∫ ∞
b
∫ ∞
d
(ux)ρ−1(vy)σ−1ℵM1,N1Pi,Qi,τi;r
[
(ux)k1
∣∣∣∣(a j,A j)1,N1 ,··· ,[τ j(a j,A j)]N1+1,Pi
(b j,B j)1,M1 ,··· ,[τ j(b j,B j)]M1+1,Qi
]
× ℵM2,N2
Pi
′
,Qi
′
,τi
′ ;r
(vy)k2∣∣∣∣(c j,C j)1,N2 ,··· ,[τ j
′
(c j,C j)]N2+1,Pi
′
(d j,D j)1,M2 ,··· ,[τ j
′
(d j,D j)]M2+1,Qi
′
F(x,y)dx dy} du dv. (22)
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On interchanging the order of integration, which is permissible under the given
conditions, evaluating the u− and v− integrals, and applying Lemma 1, we
obtain the L.H.S. of (22).
=
∫ ∞
b
∫ ∞
d
(px)ρ−1(qy)σ−1ℵM1+3,N1Pi+3,Qi+3,τi;r×(px)k1∣∣∣∣(a j,A j)1,N1 ,(1−ρ,k1),(1+α−β−ρ,k1),(1+α+α
′
+β ′−γ−ρ,k1),··· ,[τ j(a j,A j)]N1+1,Pi
(1−ρ−β ,k1),(1+α+β ′−γ−ρ,k1),(1+α+α ′−γρ,k1),(b j,B j)1,M1 ,··· ,[τ j(b j,B j)]M1+1,Qi
×
ℵM2+3,N2
Pi
′
+3,Qi
′
+3,τi
′ ;r(qy)k2∣∣∣∣(c j,C j)1,N2 ,(1−σ ,k2),(1+η−δ−σ ,k2),(1+η+η
′
+δ ′−ζ−σ ,k2),··· ,[τ j ′ (c j,C j)]M2+1,Qi ′
(1−σ−δ ,k2),(1+η+δ ′−ζ−σ ,k2),(1+η+η ′−ζ−σ ,k2)(d j,D j)1,M2 ,··· ,[τ j
′
(d j,D j)]M2+1,Qi
′

×F(x,y)dx dy
=ℵM1+3,N1;M2+3,N2
Pi+3,Qi+3,τi;Pi
′
+3,Q′i+3,τ
′
i ;r
[F(x,y);ρ,σ ; p,q] = h¯1(p,q) = R.H.S.o f (22).
As far as the two-dimensional Weyl type Saigo-Maeda operators Iα,α
′
,β ,β ′ ,γ
p,∞
×Iη ,η
′
,δ ,δ ′ ,ζ
q,∞ preserve the class u2, it follows that h¯1(p,q) also belongs to u2.
This completes the proof of Theorem 5.1.
6. Special Cases of Theorem 5.1
If we put α ′ = η ′ = 0 in Theorem 5.1 and use the relation
Iα+β ,0,−γ,β
′
,α
p,∞ f (x) = I
α,β ,γ
p,∞ f (x) (right-sided Saigo fractional integral operator),
(23)
then we arrive at the result concerning the two-dimensional Saigo fractional
integral of Weyl type as given following:
Corollary 6.1. Let h¯(p,q) be given by (13) then for ℜ(α) > 0,ℜ(η) > 0,b >
0,d > 0,u > 0,v > 0, there hold the formula
Iα,β ,γp,∞ I
η ,δ ,ζ
q,∞ [h¯(p,q)] = h¯2(p,q), (24)
provided that h¯2(p,q) exists and belongs to u2, where h¯2 is represented by the
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repeated integral, given below:
h¯2(p,q) =
∫ ∞
b
∫ ∞
d
(px)ρ−1(qy)σ−1ℵM1+2,N1Pi+2,Qi+2,τi;r
×
[
(px)u
∣∣∣∣(a j,A j)1,N1 ,(1−ρ,u),(1+α+β+γ−ρ,u),··· ,[τ j(a j,A j)]N1+1,Pi
(1+γ−ρ,u),(1+β−ρ,u),(b j,B j)1,M1 ,··· ,[τ j(b j,B j)]M1+1,Qi
]
ℵM2+2,N2
Pi
′
+2,Qi
′
+2,τi
′ ;r
×
(qy)v∣∣∣∣(c j,C j)1,N2 ,(1−σ ,v),(1+η+δ+ζ−σ ,v),··· ,[τ j
′
(c j,C j)]M2+1,Qi
′
(1−ζ−σ ,v),(1+δ−σ ,v),(d j,D j)1,M2 ,··· ,[τ j
′
(d j,D j)]M2+1,Qi
′
F(x,y)dx dy. (25)
Next, if we put τi = τi
′
= 1, i = 1,r and set r = 1 in Theorem 5.1, then we
see that the two-dimensional ℵ-transforms reduce to the corresponding two-
dimensional H-transform Ĥ(p,q), defined as [21].
Hˆ (p,q) = HM1,N1;M2,N2P1,Q1;P2,Q2 [F (x,y) ; ρ,σ ; p,q]∫ ∞
b
∫ ∞
d
(px)ρ−1 (qy)σ−1 H M1,N1P1,Q1
[
(px)u
∣∣∣∣(a j,A j)1,P1(b j,B j)1,Q1
]
× HM2,N2P2,Q2
[
(qy)v
∣∣∣∣(c j,C j)1,P2(d j,D j)1,Q2
]
F (x,y) dxdy, (26)
where u > 0,v > 0,b > 0, d > 0; Hˆ (p,q) exists and belong to u2,
The sufficient conditions for the absolute convergence of the equation (26) are
given below:
|arg(pu)| < pi
2
ϕ , |arg(qv)| < pi
2
ψ , (ϕ > 0, ψ > 0) , (27)
where
ϕ =
N1
∑
j=1
A j−
P1
∑
j=N1+1
A j +
M1
∑
j=1
B j−
Q1
∑
j=M1+1
B j, (28)
ψ =
N2
∑
j=1
C j−
P2
∑
j=N2+1
C j +
M2
∑
j=1
D j−
Q2
∑
j=M2+1
D j; (29)
and
Q1
∑
j=1
B j−
P1
∑
j=1
A j ≥ 0,
Q2
∑
j=1
D j−
P2
∑
j=1
C j ≥ 0. (30)
Then we obtain the following result given by Saxena et al. [21]:
Corollary 6.2. Let Hˆ (p,q) be given by (26), then for Re(α) > 0, Re(η) > 0,
b > 0, d > 0, u > 0,v > 0, there holds the formula which is obtained by Saxena
et al. [21].
Iα,α
′,β ,β ′,γ
p,∞ I
η ,η ′,δ ,δ ′,ζ
q,∞
[
Hˆ (p,q)
]
= Hˆ1 (p,q) , (31)
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provided that Hˆ1 (p,q) exists and belongs to u2, where Hˆ1 is represented by the
repeated integral:
Hˆ1 (p,q) =
∫ ∞
b
∫ ∞
d
(px)ρ−1 (qy)σ−1 HM1+3,N1P1+3,Q1+3
×
[
(px)u
∣∣∣∣(a j,A j)1,P1 ,(1−ρ,u),(1+α−β−ρ,u),(1+α+α ′+β ′−γ−ρ,u)(1−β−ρ,u),(1+α+β ′−γ−ρ,u),(1+α+α ′−γ−ρ,u),(b j,B j)1,Q1
]
H M2+3,N2P2+3,Q2+3
×
[
(qy)v
∣∣∣∣(c j,C j)1,P2 ,(1−σ ,v),(1+η−δ−σ ,v),(1+η+η ′+δ ′−ζ−σ ,v)(1−δ−σ ,v),(1+η+δ ′−ζ−σ ,v),(1+η+η ′−ζ−σ ,v),(d j,D j)1,Q2
]
F (x,y) dxdy.
(32)
We now deduce the results for the two-dimensional Mittag-Leffler function
transform from above Corollary 1.2.
Definition 6.3. The generalized Mittag-Leffler function introduced and studied
by Prabhakar [7], is defined by
Eδβ ,γ (z) =
∞
∑
n=0
(δ )n zn
Γ(βn+ γ) n!
, (β ,γ,δ ∈ C, Re(β )> 0, Re(γ)> 0) . (33)
Its relation with the H-function is obtained by Saxena et al. [15] in the following
form:
Eδβ ,γ (z) =
1
Γ(δ )
H1,11,2
[
−z
∣∣∣(1−δ ,1)(0,1),(1−γ,β ) ] . (34)
Definition 6.4. By two-dimensional Mittag-Leffler function Eˆ (p,q) of a func-
tion F (x,y), we mean the following repeated integral involving two different
Mittag-Leffler functions.
Eˆ (p,q) = Eδ1;δ2β1,γ1;β2,γ2 [F (x,y) ; ρ,σ ; p,q]
=
∫ ∞
b
∫ ∞
d
(px)ρ−1 (qy)σ−1 Eδ1β1,γ1 [(px)]E
δ2
β2,γ2 [(qy)] F (x,y) dxdy, (35)
where β1,β2,γ1,γ2,δ1,δ2 ∈ C, Re(β1)> 0, Re(β2)> 0, Re(γ1)> 0, Re(γ2)>
0. Here, it is assumed that b > 0, d > 0; E (p,q) exists and belongs to u2.
If we use the identity (34) and make suitable changes in the parameters,
then two-dimensional H-transform reduces to two-dimensional Mittag-Leffler
function transform and we arrive at the following:
Corollary 6.5. Let Eˆ (p,q) be given by (35), then for Re(α) > 0,Re(η) > 0,
b > 0, d > 0, then there holds the formula which is introduced as following:
Iα,α
′,β ,β ′,γ
p,∞ I
η ,η ′,δ ,δ ′,ζ
q,∞
[
Eˆ (p,q)
]
= Eˆ1 (p,q) , (36)
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provided that Eˆ1 (p,q) exists and belongs to u2, where Eˆ1 is represented by the
repeated integral as following:
Hˆ1 (p,q) =
1
Γ(δ1) Γ(δ2)
∫ ∞
b
∫ ∞
d
(px)ρ−1 (qy)σ−1
× H4,14,5
[
−(px)u
∣∣∣(1−δ1,1),(1−ρ,u),(1+α−β−ρ,u),(1+α+α ′+β ′−γ−ρ,u)(0,1),(1−β−ρ,u),(1+α+β ′−γ−ρ,u),(1+α+α ′−γ−ρ,u),(1−γ1,β1) ]
× H 4,14,5
[
−(qy)v
∣∣∣(1−δ2,1),(1−σ ,v),(1+η−δ−σ ,v),(1+η+η ′+δ ′−ζ−σ ,v)(0,1),(1−δ−σ ,v),(1+η+δ ′−ζ−σ ,v),(1+η+η ′−ζ−σ ,v),(1−γ2,β2) ]
×F (x,y) dxdy, (37)
then from (35) - (37), we obtain
Eˆ1 (p,q) =
∫ ∞
b
∫ ∞
d
(px)ρ−1 (qy)σ−1 Eδ1β1,γ1 (px)
u Eδ2β2,γ2 (qy)
v F (x,y) dxdy.
(38)
7. One- Dimensional Analogue of Theorem 5.1
In this section we establish a theorem for the one-dimensional Aleph transform
h¯(p) of F (x) with similar proof as followed for Theorem 5.1.
The Laplace transform h¯(p) of a function f (x) ∈ u1 is defined by
h¯(p) = L [ f (x) ; p] =
∫ ∞
0
e−px f (x) dx, (Re(p)> 0) . (39)
Analogously, the Laplace transform of f
[
a
√
x2−b2 ∗H (x−b)
]
is defined by
the Laplace transform of F (x), where
F (x) = f
[
a
√
x2−b2 ∗H (x−b)
]
, x > b > 0, (40)
and
∗
H (.) denotes Heaviside’s unit step function.
Theorem 7.1. Let h¯(p) be the one-dimensional Aleph-function transform of
F (x)defined by
h¯(p) = ℵM,NPi,Qi,τi;r [F (x) ; ρ; p]
=
∫ ∞
b
(px)ρ−1 ℵM,NPi,Qi,τi;r
[
(px)k
∣∣∣∣(a j,A j)1,N ,...,[τ j(a j,A j)]N+1,Pi(b j,B j)1,M ,...,[τ j(b j,B j)]M+1,Qi
]
F (x) dx, (41)
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where h¯(p) exists and belongs to u1, where k > 0; together with the following
conditions:∣∣∣arg(pk)∣∣∣< pi
2
φi, φi ≥ 0
(
i = 1,r
)
, where
φi =
N
∑
j=1
A j +
M
∑
j=1
B j− τi
(
Pi
∑
j=N+1
A ji+
Qi
∑
j=M+1
B ji
)
;
and ℜ{ξi}+1 < 0
(
i = 1,r
)
, (42)
where ξi =
M
∑
j=1
b j−
N
∑
j=1
a j + τi
(
Qi
∑
j=M+1
b ji−
Pi
∑
j=N+1
a ji
)
+
1
2
(Pi−Qi) ; (43)
also F (x) = f
[
a
√
x2−b2 ∗H (x−b)
]
, x > b > 0. Then for Re(α) > 0, b >
0, k > 0, there holds the formula
Iα,α
′,β ,β ′,γ
p,∞ [h¯(p)] = h¯1 (p) (44)
provided that h¯1 (p) exists and belongs to u1, where
h¯1 (p) =
∫ ∞
b
(px)ρ−1ℵM+3,NPi+3,Qi+3,τi;r
×
[
(px)k
∣∣∣∣(a j,A j)1,N ,(1−ρ,k),(1+α−β−ρ,k),(1+α+α ′+β ′−γ−ρ,k),...,[τ j(a j,A j)]N+1,Pi(1−β−ρ,k),(1+α+β ′−γ−ρ,k),(1+α+α ′−γ−ρ,k),(b j,B j)1,M ,...,[τ j(b j,B j)]M+1,Qi
]
×F (x) dx, (45)
and
Iα,α
′,β ,β ′,γ
p,∞ f (p)
=
pα−γ
Γ(γ)
∫ ∞
p
(u− p)γ−1 u−αF3
(
α,α ′,β ,β ′;γ;1− p
u
,1− u
p
)
f (u)du
= pα+α
′−γ Iα,α
′,β ,β ′,γ
p,∞ f (p) . (46)
8. Special Cases of Theorem 7.1
If we set τi = 1, i = 1,r and set r = 1 in Theorem 7.1, then we see that the
one-dimensionalℵ-transform reduces to the corresponding one-dimensional H-
transform Hˆ (p), defined by [21].
Hˆ (p) = HM,NP,Q [F (x) ; ρ; p]
=
∫ ∞
b
(px)ρ−1 H M,NP,Q
[
(px)k
∣∣∣∣(a j,A j)1,P(b j,B j)1,Q
]
F (x) dx, (47)
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where k > 0,b > 0; Hˆ (p) exists and belongs to u1. Then under the conditions
stated in Corollary 1.2, we obtain the following:
Corollary 8.1. Let Hˆ (p) be given by (47), then for Re(α)> 0, b > 0, k is being
positive integer, there holds the formula [21].
Iα,α
′,β ,β ′,γ
p,∞
[
Hˆ (p)
]
= Hˆ1 (p) , (48)
provided that Hˆ1 (p) exists and belongs to u1, where Hˆ1 (p) is represented by
Hˆ1 (p) =
∫ ∞
b
(px)ρ−1 HM+3,NP+3,Q+3
×
[
(px)k
∣∣∣∣(a j,A j)1,P,(1−ρ,k),(1+α−β−ρ,k),(1+α+α ′+β ′−γ−ρ,k)(1−β−ρ,k),(1+α+β ′−γ−ρ,k),(1+α+α ′−γ−ρ,k),(b j,B j)1,Q
]
F (x) dx. (49)
Definition 8.2. By one-dimensional Mittag-Leffler function transform Eˆ (p) of
a function F (x) we mean the following integral involving Mittag-Leffler func-
tion.
Eˆ (p) = Eδ1β1,γ1 [F (x) ; ρ; p] =
∫ ∞
b
(px)ρ−1 Eδ1β1,γ1 [(px)] F (x)dx, (50)
where β1,γ1,δ1 ∈ C, Re(β1)> 0, Re(γ1)> 0.
Here, we assume that b > 0; E (p) exists and belongs to u1.
Corollary 8.3. If we use the identity (34) and make suitable changes in the pa-
rameters, then one-dimensional H-transform reduces to Mittag-Leffler function
transform and we obtain
Hˆ1 (p) =
1
Γ(δ1)
∫ ∞
b
(px)ρ−1 H4,14,5
×
[
−(px)k
∣∣∣(1−δ1,1),(1−ρ,k),(1+α−β−ρ,k),(1+α+α ′+β ′−γ−ρ,k)(0,1),(1−β−ρ,k),(1+α+β ′−γ−ρ,k),(1+α+α ′−γ−ρ,k),(1−γ1,β1) ] F (x) dx.
(51)
Let Eˆ (p) be given by (50), then for Re(α) > 0, b > 0, there holds the
formula
Iα,α
′,β ,β ′,γ
p,∞
[
Eˆ (p)
]
= Eˆ1 (p) , (52)
provided that Eˆ1 (p) exists and belongs to u1.
Thus by virtue of (34) the one-dimensional H-transform reduces to one-
dimensional Mittag-Leffler function transform and it yields
Eˆ1 (p) =
∫ ∞
b
(px)ρ−1 Eδ1β1,γ1 (px)
k F (x) dx. (53)
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Next, if we put α ′ = 0 in 7.1 and use the relation
Iα+β ,0,−γ,β
′,α
p,∞ f (x) = I
α,β ,γ
p,∞ f (x) (right-sided Saigo fract. integral operator),
(54)
then we obtain the following Corollary concerning one-dimensional Saigo frac-
tional integral of Weyl type:
Corollary 8.4. Let h¯(p) be the one-dimensional Aleph function transform of
F (x) as given in (41), h¯(p) exists and belongs to u1. Then for Re(α) > 0,
b > 0, k > 0, there holds the formula
Iα,β ,γp,∞ [h¯(p)] = h¯2 (p) , (55)
provided that h¯2 (p) exists and belongs to u1, where h¯2 is represented by
h¯2 (p) =
∫ ∞
b
(px)ρ−1ℵM+2,NPi+2,Qi+2,τi;r
×
[
(px)k
∣∣∣∣(a j,A j)1,N ,(1−ρ,k),(1+α+β+γ−ρ,k),...,[τ j(a j,A j)]N+1,Pi(1+γ−ρ,k),(1+β−ρ,k),(b j,B j)1,M ,...,[τ j(b j,B j)]M+1,Qi
]
F (x)dx, (56)
and
Iα,β ,γp,∞ f (p)
=
pβ
Γ(α)
∫ ∞
p
u−α−β (u− p)α−1 2F1
(
α+β ,−γ;α,1− p
u
)
f (u) du
= pβ Iα,β ,γp,∞ f (p) . (57)
9. Result and Discussions
In this paper we have obtained the two-dimensional ℵ-transforms involving
Weyl type two-dimensional Saigo-Maeda operators. The two-dimensional H-
transform and two-dimensional Mittag-Leffler function transform are special
cases of our main findings.
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